We consider an astrophysical system with a population of sources and a population of lenses. For each pair of source and lens, there is a thin on-axis tube-like volume behind the lens in which the radiation flux from the source is greatly increased due to gravitational lensing. Any objects (such as dust grains)
Introduction
Gravitational lensing in the context of direct observations of lensed sources has been studied extensively in past years (Blandford and Narayan 1992, Schneider et al. 1992 and references therein). Recently, we proposed a new way of looking at gravitational lensing, the statistics of extreme gravitational lensing events (EGLE), which may have significant astrophysical effects (Wang and Turner 1996 , hereafter referred to as Paper I).
We introduced the basics of EGLE in Paper I, where we considered the case in which the finite source size is more important than shear. In this paper, we discuss the case in which shear can not be neglected.
Extreme gravitational lensing events (EGLE) occur when the source, lens, and observer (or target) are nearly on-axis. In the statistics of EGLE, we consider an astrophysical system of diameter D c , in which both the sources and lenses are uniformly distributed, and the targets can be the fragile objects in the same system, such as dust grains, etc.
If the target moves a distance d away from the line connecting the source and the lens, it is equivalent to the source moving an angular distance of y from the optical axis (the line connecting the lens and the target). Measuring y in units of the angular Einstein radius, we have For a given pair of lens and source, the shear γ due to other mass inhomogeneities near the line-of-sight is the same order of magnitude as the optical depth for microlensing, τ , the probability that the source is lensed. We find [see Appendix]
ζ (x) is the Riemann zeta function. Not surprisingly, the statistics of EGLE is much more complicated for sheared lenses than for isolated lenses (γ = 0).
The lens model for a perturbed Schwarzschild lens (i.e., point mass lens with shear) has been investigated by Chang and Refsdal (1979, 1984) and Subramanian and Chitre (1985) . The magnification of extended sources by a perturbed Schwarzschild lens has been studied by Chang (1984) , Schneider and Weiss (1987) . In Paper I, we showed that shear is not important for γ < R ≪ 1.
In this paper, we study the statistics of EGLE for sources with small dimensionless radius R and slightly sheared lenses (γ ≪ 1), with γ ≥ R. We generally follow the notation and conventions of Schneider et al. (1992) and Paper I.
The perturbed Schwarzschild lens
In this section, we study the basic properties of a perturbed Schwarzschild lens. In the absence of shear, the caustic (which corresponds to infinite magnification) of a point mass lens in the source plane is a point (intersection with the optical axis). If the shear of a macrolens at the location of the point mass lens is 0 < γ < 1, the caustic in the source plane changes from a point to an astroid shaped closed curve with four cusps, assuming that the surface mass density of the macrolens is zero at the location of the point mass lens.
Let us define
The caustic curve intersects the Y 1 axis at ±(1 − Λ), the Y 2 axis at ±(1 − Λ)/ √ Λ. For γ ≪ 1, the caustic is described by
As we discussed before, moving the observer away from the line connecting the source and lens is equivalent to moving the source relative to the optical axis. When a source moves off the optical axis, if it moves along Y 1 = 0 or Y 2 = 0, it crosses a cusp; if it moves along Y 1 = Y 2 , it crosses a fold. All observables for a source moving off the optical axis in an arbitrary direction fall between the two limits set by Y 1 Y 2 = 0 and Y 1 = Y 2 . We therefore restrict our attention to these two relatively simple cases below.
The lens mapping equation can be solved exactly for Y 1 Y 2 = 0. (Chang & Refsdal 1979 & 1984 , Subramanian & Chitre 1985 For a point source moving along the Y 1 axis, its magnification is
For a point source moving along the Y 2 axis, its magnification is
Then, for y 2 = 0,
For a small source with R < ∼ 0.2, the maximum magnification is given by µ p (|y 1 | ≤ 1), with
. For y 1 = 0, just replace y 1 with y 2 . Figure 1 shows the lightcurves for R = 0.01, 0.1, 0.4, 1 and y 2 = 0. Note that the smaller the source size compared to the shear, the larger the magnification of the source near the caustic; the peaks in the lightcurves correspond to caustic-crossing.
For a source moving along the diagonal line y 1 = y 2 , (γ − y) gives the source's distance to the caustic. For a small source with R < ∼ 0.2, the maximum magnification is given by the point source magnification µ p (y), with (0.5 − y) = 0.67R. The magnification of a point source near the caustic is given by (Chang and Refsdal 1984) 
For a very small source (R < ∼ 0.02) (Chang and Refsdal 1984) , For R > ∼ 0.01, we fit µ max (R, γ) with the following formulas:
, cusp-crossing (y 2 = 0);
w = exp −R(1 + R)/2 is the weight function. The above fit formulas underestimate the maximum magnification by about 20-30% when the size of the source is comparable to the size of the region enclosed by the caustic curve. Note that for γ = 0 (R = ∞), we recover µ max = 2/R, the exact result used in Paper I. For R < 1 [i.e., R < 2γ], µ max < 2/R.
EGLE volume statistics: general description
Let us consider a mixed population of uniformly distributed sources (with number density n S ) and lenses (with number density n L ) confined in a volume of diameter D c . We are interested in computing the volume fraction of space in which the flux exceeds f due to gravitational lensing, i.e., the volume fraction of space in EGLE tubes with flux > f .
Note that in EGLE statistics, both γ and R depend on distances. We write
where
ρ is the physical radius of the source, τ 0 is the optical depth at D s = D c .
For a source with luminosity L S , the unlensed flux
As in Paper I, we define
]. α measures the maximum magnification of the source relative to the flux f , in the limit of zero shear.
We use the simple but reasonable approximation:
where µ p (y, γ) is the point source magnification in the presence of small shear, and µ max is the maximum magnification. For γ = 0, we recover the approximation used in Paper I. Let us write [see Eq. (11)]
w (R/γ) is a weight function. For γ ≪ R, we recover the exact formula used in Paper I.
For a given pair of lens and source, we define the EGLE tube with minimum flux f to be the small tube-shaped volume behind the lens in which the flux exceeds f due to gravitational lensing. For a given pair of lens and source with separation x = D ds /D c , the length of the EGLE tube is t max = D max d /D c ; i.e., the EGLE tube extends from t = 0 to t = t max . The minimum magnification needed at a point inside the EGLE tube is
2 . The length of the EGLE tube is given by setting µ = µ max (t, x).
The cross-section of the EGLE tube at a distance of D d behind the lens along the line SL which connects the source and the lens, σ(D d , f ), is the area perpendicular to SL in which the magnification exceeds µ = f /f 0 , i.e., the flux exceeds f . The cross-section of the EGLE tube can be written in the form
2 is the cross-section of the EGLE tube in units of Einstein radius squared
The volume fraction of space occupied by EGLE tubes in which the flux exceeds f , F L , can be computed using the same method as in Paper I.
For a given lens and source pair, the associated EGLE tube with minimum flux f has the volume
-8 -
The volume fraction of space in EGLE tubes of flux > f for a given lens is
The volume fraction of space in EGLE tubes of flux > f is
where F L (f, R = γ = 0) is the volume fraction of space in EGLE tubes of flux > f for point source in the absence of shear (see Paper I),
and For a point source, the EGLE tube has an astroid shaped cross section until
, the EGLE tube is hollow at the center, with walls tapering off to infinity away from the center; the walls are thicker and rounded in the cusp directions, and thinner with steep outside surfaces half-way between the cusp directions. The walls taper off more quickly half-way between the cusp directions than in the cusp directions.
For a finite source, if the source is sufficiently large (R > 2γ), the EGLE tube ends without the shear-induced hollow and the effect of shear is negligible. If R < 2γ, the EGLE tube has a topology similar to the R = 0 case, except that the shear-induced hollow has walls which end at a finite distance behind the lens, the walls stretch furthest in the cusp directions, and shortest half-way between the cusps; i.e., the end of the EGLE tube is a hollow volume, with thinning walls which terminate in four rounded legs centered in the cusp directions.
The volume of an EGLE tube for 1 ≫ γ > R > 0 is between the volume of an EGLE tube assuming cusp-crossing only and the volume of an EGLE tube assuming fold-crossing only. Compared to the point source magnification in the absence of shear (dashed curve in Figs.1-2) , for a given magnification of the source, the sheared lens (with γ > R) leads to a much larger cross-section for cusp-crossing [see Figure 1 ] and a smaller cross-section for fold-crossing [see Figure 2] . Therefore, the volume modification factor I(α, R 0 /γ 0 ) should be smaller in the fold-crossing case than in the zero shear case; but it can be larger in the cusp-crossing case than in the zero shear case, because of the significant thickening of the EGLE tubes at the ends away from the lenses.
In this section, we use Eq.(11) to compute the EGLE tube lengths, and µ p (y) = µ p (y, γ = 0, R = 0) to compute the EGLE tube cross-sections.
The cross-section of the EGLE tube can be expressed in terms of the dimensionless
2 is the cross-section of the EGLE tube in units of Einstein radius squared,
y (2) and y (1) are roots of µ e (y, γ) = µ, y (2) > y (1) ≥ 0 (if µ e (y, γ) = µ only has one root, then we denote it by y (2) , and set y (1) = 0). For γ ≪ 1, γ µ e (y, γ) only depends on y ≡ y/(2γ).
y (2) and y (1) are roots of γ µ e (y, γ) ≡ δ e (y) = δ, y (2) > y (1) ≥ 0 (y (1) = 0 if only one root exists).
For µ < ∼ 0.1/γ, the shear on the lens has negligible effect on the lightcurve, hence σ * = 1 as in the R = γ = 0 case. For µ > ∼ 0.1/γ, we can compute σ * using the point source and small shear lightcurves shown in Figs.1-2, for cusp-crossing and fold-crossing respectively. For cusp-crossing, we can compute σ * analytically using Eq.(8). We find
where δ ≡ γµ. Note that for δ = 0 (i.e., γ = 0), we recover σ * = 1. For fold-crossing, we have to find the roots of γ µ e (y, γ) ≡ δ e (y) = δ numerically to compute σ * .
To estimate the effect of shear on the EGLE volume fractions, we write
where A = 5π/32 is 1 4
the area of the astroid enclosed by the caustic curve [in units of
The averaged EGLE volume fraction is only slightly larger than the EGLE volume fraction assuming fold-crossing only, because most of the caustic is fold.
In Fig. 3 , we show the modification factor in EGLE volume fraction due to finite source size and non-zero shear, I avg (α, R 0 /γ 0 ), for R 0 /γ 0 = 10, 1, 0.1, 0.01, 0.001. The For objects which enter an EGLE tube perpendicular to the lens-source line, the EGLE durations are longest in the cusp directions, and shortest half-way between the cusps. Since the EGLE durations also depend on the angle at which an object enters the EGLE tube, the effect of shear on the EGLE durations should be negligible statistically also.
Summary
We find that the presence of small shear [comparable or larger than the dimensionless source size] has only a small effect on the EGLE volume fractions. Specifically, the EGLE Here we derive the shear γ due to other mass inhomogeneities near the line-of-sight for a given pair of lens and source, in terms of the optical depth for microlensing, τ , the probability that the source is lensed.
We assume that the EGLE lens [the lens under consideration] is embedded in a distribution of identical lenses with surface number density Σ, each lens has the same 
